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Abstract:We consider the Weyl-Yang gauge theory of gravitation in a (4+3)-dimensional
curved space-time within the scenario of the non-Abelian Kaluza-Klein theory for the source
and torsion-free limits. The explicit forms of the field equations containing a new spin cur-
rent term and the energy-momentum tensors in the usual four dimensions are obtained
by the well-known dimensional reduction procedure. In this limit, these field equations
admit (anti)-dyon and magnetic (anti)-monopole solutions as well as a non-Einsteinian so-
lution in the presence of a generalized Wu-Yang ansatz and some specific scalar potentials
when the extra dimensions associated with the round and squashed three-sphere S3 are,
respectively, included. The (anti)-dyonic solution has similar properties to those of the
Reissner-Nordström-de Sitter black holes of the Einstein-Yang-Mills system. The cosmo-
logical constant naturally appears in this approach, and that it associates with the constant
dilaton field as well as the three-sphere radius. It is demonstrated that the squashing pa-
rameter ` not only behaves as the constant charge, but also its sign can determine whether
the solution is a dyon/monopole or an anti-dyon/anti-monopole. It is also shown that
whether the source term reduces to Camenzind’s current density, and that the existence of
non-constant dilaton fields is essential for finding new black hole solutions in the Weyl-Yang
gauge theory.
Keywords: Modified Theories of Gravity, Kaluza-Klein Theories, Exact Solutions, Clas-
sical Black Holes
ar
X
iv
:1
60
2.
02
41
8v
1 
 [g
r-q
c] 
 7 
Fe
b 2
01
6
Contents
1 Introduction 1
2 Gravitational field equations and stress-energy-momentum tensor 4
2.1 The reduced field equations 8
2.1.1 Camenzind’s current density 9
2.2 The reduced stress-energy-momentum tensor 11
3 Ansatz and static black hole solutions 12
3.1 The K(r) = K case 14
3.2 The J(r) = 0 case 23
3.2.1 The ϕ(r) = ϕ0 case 25
3.2.2 The ϕ(r) = ϕ0r case 26
4 Conclusions 28
1 Introduction
The Weyl-Yang alternative gravitational theory with field equations containing second
derivatives of the affine connection and third derivatives of the metric tensor obtained
by the standard Palatini formalism [1–4] with vanishing torsion was first considered by
Fairchild in the remarkable studies [5, 6]. The work was inspired by early works con-
ducted by Weyl [7], Lanczos [8], Utiyama [9], Lichnerowicz [10], Stephenson [11], Higgs [12],
Kilmister and Newman [13], Loos [14], Loos and Treat [15], and Yang [16]. The theory
was investigated and developed further by many different authors such as Ramaswamy
and Yasskin [17], Tseytlin [18], Szczyrbac [19], Hehl et al. [20], Maluf [21], Rose [22],
and Guilfoyle and Nolan [23], and more recently by Vassiliev [24], Mielke and Maggi-
olo [25], Shen [26], and Pasic and Barakovic [27]. It was also extended/generalized to
the Abelian/non-Abelian Kaluza-Klein theories of unified gravity [28–34] by Başkal and
Kuyrukcu/Kuyrukcu [35]/[36], and its ability to solve various cosmological problems was
discussed by Gerard [37], Cook [38], Gonzalez [39], Chen [40], Chen et al. [41], and Yang
and Yeung [42]. This Yang-Mills-type theory actually may also be thought of as a particular
case of the Poincaré Gauge theory [43–54] “that can be considered as the standard theory
of gravity with torsion” according to Hehl et al. [55] (for more historical notes, see e.g.,
Dean [56]).
It is not surprising that the Weyl-Yang theory overcomes certain problems with the lin-
earized field equations [57], but it also suffers from various difficulties such a non-acceptable
Newtonian limit for weak-field approximation [5], the non-existence of a Birkhoff theo-
rem [54], uncertainty concerning the source of matter [5, 6, 58], and a negative residue in
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the graviton propagator [59]. Nevertheless, this alternative gravitational theory still de-
serves further investigation and exploration as it has some interesting features as a model
theory, although the Einstein field equations are sufficient for the large scale of gravitational
physics.
The most important and motivating feature of the theory lies in the fact that the
third-order Einsteinian equations are physically more contained, i.e., they possess a much
richer structure than their the second-order counterparts within the well-established gravity
theory of Einstein [16]. The master equation of the theory can be written as
D?Rµν ≡ Eµ ∧ ?DRν − Eν ∧ ?DRµ = 0. (1.1)
Note that, Rµν , Rµ, ?, Eµ and D refer to the four-dimensional (4D) curvature 2-form, the
Ricci 1-form Rµ = ιXλRλ µ where ιXλ is the inner product, the Hodge star operator, the
co-frame 1-form and the covariant derivative, respectively. Thus, the pure gravitational
equations of motion (1.1) not only include all of the classes of the solutions to Einstein’s
vacuum theory (i.e., Rµ = 0 and Rµ = ΛEµ for all constants Λ) but also have a physical
and un-physical family of non-Einsteinian solutions with or without a spin current term,
see e.g., [37, 60]. Another physically attractive property of the considered model is the
corresponding gravitational energy-momentum tensor, τXλ , which is symmetric, trace-free,
and covariantly conservative
τXλ ≡
1
2
(ιXλRµν ∧ ?Rµν −Rµν ∧ ιXλ?Rµν). (1.2)
This tensor is associated with the Bel-Robinson superenergy tensor [61–63], and it has a
formal analogy with Maxwell’s stress-energy tensor of classical electrodynamics [64] as well
as that of the Yang-Mills gauge theory [65]. Furthermore, the non-trivial Lagrangian of
the theory is simple, purely quadratic, and homogeneous of degree 2 in curvature, and it
only includes the Kretschmann invariant [66]. Therefore, it may be thought as the most
natural model in the literature by Weyl [7]. We can write the 4D Weyl-Yang action with
the coupling constant κ as:
S =
∫
M4
L = − 1
2κ2
∫
M4
Rµν ∧ ?Rµν . (1.3)
This curvature squared term also appears in higher-derivative gravity theories such as su-
perstring theory [67–69], quantum gravity [70] and loop quantum cosmology [71], which are
perturbatively renormalized [72–74] just as the Yang-Mills theories are [75, 76], as well as
asymptotically free [77, 78] and capable of ameliorating ghost modes [79–81].
Despite its higher-order curvature-squared action and its system of third-order coupled
non-linear field equations, various exact solutions to the theory have been obtained and
discussed in the works of several authors. These include the static spherically symmetric
solutions of Pavelle [60, 82–84], Thompson [85], Barrent et al. [86], Baekler et al. [87–89], and
Hsu and Yeung [90] (see also Ni [91]); the double-dual solutions of Benn et al. [92]; the anti-
self-dual solutions of Mielke [93]; and the pp-wave solutions of Başkal [94] and Kuyrukcu [95]
(also see Pavelle [83]). Thus, it is quite natural to discover exact solutions especially in more
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than 4D Weyl-Yang theory because of the fact that higher-dimensional models are already
a standard assumption in high energy physics. Although this technique offers promising
new features, to find exact solutions to the higher-dimensional models is much more diffi-
cult [96]. In this scheme, we study static spherically symmetric solutions to the non-Abelian
Weyl-Yang-Kaluza-Klein gravity model [36] (which is the straightforward full generaliza-
tion of the previous work [35] to higher, N , dimensions) in the presence of a well-known
generalized (not rotating but both electrically- and magnetically-charged) SU(2) Wu-Yang
monopole [97–100] and the classical (4+3)D non-Abelian Kaluza-Klein metric ansatz, with-
out loss of generality. The Wu-Yang monopoles (actually Wu-Yang solutions [101]) may
be interpreted as non-Abelian versions of the Dirac magnetic monopole [102] (for a review,
see e.g., [103, 104]), and they are a very important gauge class for quantum chromodynam-
ics with instanton-like configurations [105]. It should also be emphasized that the mag-
netic monopole solutions (i.e., topological solitons [106]) together with the dyon, instanton,
and meron solutions play very significant roles, not only in 4D Einstein-Yang-Mills-Higgs
(EYMH) theories [107–110] but also in (non)-Abelian Kaluza-Klein theories [111–120], since
they show explicitly the interaction between the gravitational, gauge, and dilatonic fields,
although they are not experimentally observed. On the other hand, despite being the sim-
plest acceptable non-Abelian models [121], the 6D and 7D theories are not as physically
attractive as the 5D Abelian and 11D supergravity and superstring models. However, the
considered model not only contains both the graviton and the gauge boson together with
scalars but also the three-sphere, S3, which being a compact 3D maximally symmetric in-
ternal space also has advantages for SU(2) gauge theories [122]. Moreover, the three-sphere
is simple, non-trivial, and the best-known 3D manifold along with pseudo-sphere, and it
possesses more symmetry than the other space [123].
The outline of our article is as follows. In section 2, the Weyl-Yang version of the non-
Abelian Kaluza-Klein theory is formulated. We investigate the reduced structures of the
field equations, which include the new spin current term in terms of various combinations of
2-form field strength as well as Yang-Mills force density, and the stress-energy-momentum
tensor, which consists of the well-known and lesser-known 4D energy-momentum tensors
of many different fields, including the Weyl-Yang and Yang-Mills theories in the usual 4D
space-time without considering the dilaton fields, i.e., ϕ(r) = 1. Moreover, we show that
Camenzind’s current density appears in the reduced field equations of the 5D Weyl-Yang
theory if we consider the specific assumptions. Section 3 is concerned with constructing
exact solutions to the third-order Weyl-Yang gravity model by taking into account the 7D
classical non-Abelian Kaluza-Klein metric ansatz whose 4D part is spherically symmetric
but stationary in time and whose 3D part is the standard round and squashed three-
sphere, S3, coupled with the non-vanishing dilaton scalar fields, respectively. Then, different
analytic solutions are obtained. One of them is the non-trivial (anti)-dyonic black hole,
which carries both constant (one unit or `) electric and magnetic charges and has similar
properties to those of the Reissner-Nordström-de Sitter-type (RNdS) black holes of the
Einstein-Yang-Mills system. It is demonstrated that the cosmological constant is just an
integration constant that comes, interestingly, out of the constant dilaton field and the
principal internal radii, which guarantee that its unit is the inverse of the square of a length.
– 3 –
This resulting solution is also compared with the SO(3) magnetic monopole solutions of
the 6D [118] and 7D [119] Einsteinian models, respectively. The other solutions that we
found can be classified as non-Einsteinian solutions for the J(r) 6= 0 case and new magnetic
(anti)-monopole solutions for the J(r) = 0 case. It seems that obtaining a dyon/monopole
or an anti-dyon/anti-monopole solution depends on the sign of the internal space squashing
parameter, `. In this fashion, we also obtain the energy-momentum components which are
given in detail corresponding to these exact solutions. It is also shown that the existence
of non-constant dilaton fields is essential for finding new black hole solutions in the Weyl-
Yang gauge theory. We finally present our conclusions, remarks, and future plans in the
last section.
Throughout this study, we will employ the Maurer-Cartan exterior forms (which are
compact-coordinate-free notations), together with geometric units (i.e., an unspecified length
scale in which c = 1, ~ = 1, and 8piG = 1) with unit coupling constants. The differential
forms are known to be very useful for defining the basis of non-trivial S3 manifolds and
finding exact solutions, rather than a coordinate basis, if there are symmetry conditions on
the metric tensor.
2 Gravitational field equations and stress-energy-momentum tensor
By taking into account a particular generalization of Einstein’s gravity theory, the general
exterior form of the Stephenson-Kilmister-Yang-Fairchild (SKYF) action, which is quadratic
in the Riemann-Christofell components proportional to the real coupling constant, κˆ, on
the (4 + 3)D space-time manifold, (M7, Gˆ) may be simply defined as
Sˆ[Eˆ, Γˆ] =
∫
M7
Lˆ =
∫
M7
− 1
2κˆ2
RˆAB ∧ ?ˆRˆAB + Λˆ?ˆ1 + Lˆm[Γˆ], (2.1)
which includes a cosmological constant, Λˆ, and a matter-radiation field, Lˆm[Γˆ], which is
coupled to the affine connection. The quantities in the 7D whole space (ordinary 4D external
space) are denoted by the symbols with (without) the hat symbol as a superscript. The
direct product of the usual 4D Minkowski space-time and a 3D internal space gives the
manifold, M7, i.e., M7 = M4 × M3. Here, the curved sub-space M3 is taken to be the
usual round three-sphere M3 = G/H = S3 with a radius l = 1, and therefore, the isometry
group of S3 is defined by a special unitary group of degree 2 as G = SU(2) × SU(2) '
SO(4). We conveniently describe the 7D Hodge dual operator ?ˆ, which is a linear map, ?ˆ :
fp(M7) → f7−p(M7) with respect to the Loretzian metric tensor Gˆ = ηˆABEˆA ⊗ EˆB,
where ηˆAB =diag(−1,+1,+1,+1,+1,+1,+1), fp(M7) is the vector space of p-forms, EˆA
are the orthonormal basis, ⊗ denotes the symmetric tensor product, and the Latin capital
vielbein indices A,B, ... = 0, 1, 2, 3, 5, 6, 7 refer to the entire space, M7. The invariant
tensor ηˆAB/ ηˆAB is used to raise/lower the indices appearing on 7D quantities. Moreover, ?ˆ1
is the oriented volume 7-form as ?ˆ1 = ?1 ∧ #1, where ?1 = Eˆ0 ∧ Eˆ1 ∧ Eˆ2 ∧ Eˆ3 is the
usual 4-form invariant volume element with a 4D Hodge map, ? : fp(M4) → f4−p(M4),
whereas #1 = Eˆ5 ∧ Eˆ6 ∧ Eˆ7 is the 3-form invariant volume element with a 3D Hodge
– 4 –
map, # : fp(S3) → f3−p(S3) with the wedge product ∧. The anti-symmetric Levi-Civita
tensor is also chosen to be ε0123567 = +1 in this study.
Let us now investigate the coupled gravitational field equations by taking into account
the first-order Einstein-Palatini variation formalism which assumes that two fundamental
variables the 1-form co-frames (vielbein fields), EˆA, and the Levi-Civita connections, ΓˆA B
are independent each other, and “they are invariant under both space-time diffeomorphisms
and local frame rotations,” as noted by Daum and Reuter [53]. Hence, we have
δSˆ[Eˆ, Γˆ] =
∫
M7
δEˆA ∧ δLˆ
δEˆA
+ δΓˆAB ∧ δLˆ
δΓˆAB
. (2.2)
Thus, we evaluate the infinitesimal variation of the generalized SKYF Lagrangian density, Lˆ,
in equation (2.1) by assuming that variations of the fields vanish on the boundary as follows:
δSˆ[Eˆ, Γˆ] =
∫
M7
1
2κˆ2
δEˆA ∧
(
ιˆXˆARˆBC ∧ ?ˆRˆ
BC − RˆBC ∧ ιˆXˆA ?ˆRˆ
BC
)
+ΛˆδEˆA ∧ ?ˆEˆA −
− 1
κˆ2
δΓˆAB ∧ Dˆ?ˆRˆAB + δΓˆAB ∧ SˆBA, (2.3)
with inner multiplication, ιˆXˆA : fp(M7)→ fp−1(M7). Here the canonical term SˆAB is the
spin-density of all matter fields as a complementary term of the theory, which is determined
by the variation of the matter Lagrangian Lˆm with respect to the gauge potentials SˆBA ≡
δLˆm/δΓˆAB, and Dˆ ≡ EˆADˆXˆA stands for the covariant exterior derivative. The variation
principle δSˆ = 0 gives the desired two sets of field equations. If the cosmological constant
term Λˆ vanishes, then the first of these equations is the generalized Yang equation with
source term
Dˆ?ˆRˆAB = −κˆ2?ˆSˆAB. (2.4)
This relationship is the master equation of the considered model with gravitational current
1-form (SˆAB = SˆABCEˆC), which are antisymmetric under interchange of A and B indices,
as expected. It is easy to verify from equation (2.4) and the gravitational Bianchi identities,
the first RˆAB ∧ EˆB = 0 and the second DˆRˆAB = 0, that the gauge current term precisely
satisfies the conservation property Dˆ?ˆSˆAB = 0 and the cyclic identity ιˆXˆB ιˆXˆA ?ˆSˆAB = 0, or
more simply, SˆAB∧EˆA∧EˆB = 0. On the other hand, the other fundamental field equations
that are obtained from the co-frame variation lead to
τˆXˆA ≡
1
2
(ιˆXˆARˆBC ∧ ?ˆRˆ
BC − RˆBC ∧ ιˆXˆA ?ˆRˆ
BC), (2.5)
where τˆXˆA = TˆAB ?ˆEˆ
B is interpreted as the canonical stress-energy-momentum tensor,
which is determined by τˆXˆA ≡ κˆ2(δLˆ/δEˆA). By taking the covariant exterior derivative of
both sides of the energy definition (2.5), we obtain
DˆτˆXˆA = −ιˆXˆARˆBC ∧ ?ˆSˆ
BC . (2.6)
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It can be seen above that τˆXˆA is covariantly conservative, provided that SˆBC = 0. One can
also derive that the trace of the stress-energy tensor τˆXˆA ∧ EˆA on the manifold (M7, Gˆ)
turns to be
τˆXˆA ∧ Eˆ
A = −3
2
RˆBC ∧ ?ˆRˆBC . (2.7)
This is completely trace-free only in the 4D limit.
Let us now obtain reduced forms of the field equations and stress-energy tensors in
the usual 4D space-time by making use of a dimensionality reduction procedure. First, we
assume that the gravitational source terms vanish, and that the fields are independent of
the extra-coordinates in higher dimensions. It is convenient to also write the (4+3)D metric
tensor Gˆ(x, y) in the form:
Gˆ(x, y) = G(x) + δij(A
i ⊗Aj +Ai ⊗ Ej + Ei ⊗Aj) +G(y). (2.8)
We introduce 7D coordinates as zA = (xµ, yi), where (and henceforth in this work), the
Greek vierbein indices µ, ν, ... = 0, 1, 2, 3 refer to the 4D external space M4 with the
Minkowskian signature metric, G(x) = ηµνEµ(x)⊗Eν(x), while the Latin dreibein indices
i, j, ... = 5, 6, 7 refer to the curved internal 3D compact sub-space S3 with the Euclidean sig-
nature metric G(y) = δijEi(y)⊗Ej(y) and δij =diag(+1,+1,+1). In addition, Yang-Mills
gauge field 1-form can be defined as Ai = Ai(x) = Aiµ(x)Eµ(x).
On account of the full Lorentzian metric tensor Gˆ(x, y) = ηˆABEˆA ⊗ EˆB and equa-
tion (2.8), the appropriate orthonormal co-frames take the simplified forms
Eˆµ(x) = Eµ(x), Eˆi(x, y) = Ai(x) + Ei(y). (2.9)
It follows that we immediately obtain the components of interior product operator ιˆXˆA as
ιˆXˆµ(x, y) = ιXµ −Aiµ(x)ιXi , ιˆXˆi(y) = ιXi . (2.10)
Here, {XˆA} are frame fields dual to the co-frames {EˆA}, together with EˆB(XˆA) = ιˆXˆAEˆB =
δˆA
B, and ιXµ/ιXi are the 4D/3D contraction operators, which are dual to co-frames Eµ/Ei,
i.e., ιXµEν = δµ ν/ιXiEj = δi j . It is worthwhile to recall that, the first Cartan-Maurer
structure equation is represented by
DˆEˆA ≡ dˆEˆA + ΓˆA B ∧ EˆB = TˆA, (2.11)
with the seven-exterior derivative dˆ ≡ EˆAdˆXˆA . Equation (2.11) can be solved for the
constraint equation TˆA ≡ 12 TˆBC AEˆB ∧ EˆC = 0, as
ΓˆAB =
1
2
[ιˆXˆB dˆEˆA − ιˆXˆA dˆEˆB + (ιˆXˆA ιˆXˆB dˆEˆC)Eˆ
C ], (2.12)
where ΓˆAB are the 1-form Levi-Civita connections, i.e., Γˆ(AB) = 0, which means that the
metric compatibility condition DˆGˆ(x, y) = 0 is valid for the torsion-free case [124]. Hence,
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substituting equations (2.9) and (2.10) into the equation (2.12), we directly obtain the
following components of the spin connection ΓˆAB:
Γˆµ ν = Γ
µ
ν − 1
2
F iµ νEˆi,
Γˆµ
j = −Γˆj µ = −1
2
F jµνE
ν , (2.13)
Γˆi j = Γ
i
j − 1
2
εi jkA
k.
By assuming that the Ti are the generators of the group SU(N ), the corresponding Lie
algebra is usually defined as [Ti, Tj ] = fk ijTk with real structure constants fk ij and Ti =
1
2σi, where σi are the Pauli matrices. We also have f
k
ij = ε
k
ij for the gauge group SU(2)
and the little group SO(3). Hence, we can prove that the co-frames of internal S3 space
satisfy the right-invariant structure equations (see e.g., [32, 125])
dEi(y) =
1
2
εi jkE
j(y) ∧ Ek(y), (2.14)
meaning that Γi j = 12ε
i
jkE
k. Moreover, the SU(2)-valued 2-form field strength is explicitly
determined by F i ≡ dAi + 12eεi jkAj ∧ Ak = 12F iµνEµ ∧ Eν . Here, e is nothing but the
coupling constant, and for convenience, it can be taken as unity, e = 1.
We now consider the second Maurer-Cartan structure equation,
DˆΓˆA B ≡ dˆΓˆA B + ΓˆA C ∧ ΓˆC B = RˆA B, (2.15)
to obtain the dimensionally-reduced curvature 2-form RˆA B, where RˆA B ≡ 12RˆA BCDEˆC ∧
EˆD. Substituting gauge potential 1-form (2.13) into equation (2.15) and performing some
algebra, the first component, Rˆµν , becomes (see, e.g., [126])
Rˆµ ν = Ψµ ν + Ωµ ν + Σµ ν , (2.16)
where the 2-form terms are
Ψµ ν = Rµ ν − 1
2
F iµ νFi − 1
4
ιXµF
i ∧ ιXνFi,
Ωµ ν ≡ Ωiµ ν ∧ Eˆi = −1
2
DF iµ ν ∧ Eˆi, (2.17)
Σµ ν ≡ Σijµ νEˆi ∧ Eˆj = 1
4
(F iµλF jλν − εij kF kµ ν)Eˆi ∧ Eˆj .
Here, we also make use of the ordinary curvature 2-form, Rµν , of the external space, M4,
and the Yang-Mills covariant derivative, DF iµν = DF iµν + eεi jkAjF kµν in the adjoint repre-
sentation. It follows that the remaining non-vanishing components can be written as
Rˆµ j = −Rˆj µ = Ωj µν ∧ Eν − Σij µνEν ∧ Eˆi,
Rˆi j = Σi jµνEµ ∧ Eν + 1
4
Eˆi ∧ Eˆj . (2.18)
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It is not difficult to conjecture that, in order to find the desired field equations and stress-
energy tensors, we need not only the curvature 2-form (2.16)–(2.18) but also the reduced
forms of various Hodge duality identities, which are found to be
?ˆEˆµ = ?Eµ ∧#1, ?ˆEˆi = #Ei ∧ ?1,
?ˆ(Eˆµ ∧ Eˆν) = ?(Eµ ∧ Eν) ∧#1,
?ˆ(Eˆµ ∧ Eˆj) = −?ˆ(Eˆj ∧ Eˆµ) = −?Eµ ∧#Ej ,
?ˆ(Eˆi ∧ Eˆj) = #(Ei ∧ Ej) ∧ ?1. (2.19)
2.1 The reduced field equations
Taking into account the definition of a covariant exterior derivative, the second gravitational
Bianchi identity is manifestly written as
DˆRˆA B = dˆRˆA B + ΓˆA C ∧ RˆC B − ΓˆC B ∧ RˆA C = 0, (2.20)
enabling us to arrive at the source-free field equations (2.4) in the following form:
Dˆ?ˆRˆA B = dˆ?ˆRˆA B + ΓˆA C ∧ ?ˆRˆC B − ΓˆC B ∧ ?ˆRˆA C = 0. (2.21)
After some lengthy but tedious calculations and remembering that the antisymmetry
property of the wedge product gives some extra terms (EˆA ∧ EˆB ≡ EˆA ⊗ EˆB − EˆB ⊗ EˆA),
we obtain six reduced equations including the gravitational and the gauge fields, which are
determined by three field equations, Dˆ?ˆRˆµ v = 0, Dˆ?ˆRˆµ j = 0, and Dˆ?ˆRˆi j = 0. Their final
forms are explicitly written in a Cartesian chart as:
DλR
λ
σµν =
1
2
[
FiµνJ
i
σ +
1
2
(FiσνJ
i
µ − FiσµJ iν) +Dν(Fiµ λF iλσ)−Dµ(Fiν λF iλσ)
]
, (2.22)
DλDλF iµν +RµνλρF iλρ + F iµν −
1
2
(F iλρF
jλρFjµν − F iµλF jλρFjρν + F iνλF jλρFjρµ) +
+εi kj(F
k
µλF
jλ
ν − F j µλF kλ ν) = 0, (2.23)
DλDµF iλ σ +RµλσρF iλρ + 1
2
F iµσ −
1
4
(F iλρF
jλρFjµσ + 2F
i
σλF
jλρFjρµ)−
−εi jkF jµλF kλ σ = 0, (2.24)
Dµ(F iλρF jλρ) + F iµ λJ jλ − εij kJkµ = 0, (2.25)
F jλ µJ
i
λ − F iλ µJ jλ − 2εij kJkµ = 0, (2.26)
εik lF
j
λρF
lλρ − εjk lF iλρF lλρ + 2εij lF kλρF lλρ = 0, (2.27)
where J iν = DµF iµ ν is the Yang-Mills current 1-form (i.e., D ?F i = ?J i) and the right side
of equation (2.22) can be described as a 4D source term of the matter field as
Sµνσ =
1
2
[
FiµνJ
i
σ +
1
2
(FiσνJ
i
µ − FiσµJ iν) +Dν(Fiµ λF iλσ)−Dµ(Fiν λF iλσ)
]
. (2.28)
By taking into account the equation (1.1) and the following identity
[Dµ,Dν ]F iλ σ = Rλ τµνF iτ σ −Rτ σµνF iλ τ + εi jkF jµνF kλ σ, (2.29)
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the reduced field equations above can be written in terms of the reduced components of the
1-form Ricci tensor RˆA, RˆA = ιˆXˆBRˆB A = RˆABEˆB, as
DµPσν −DνPσµ + 1
4
(FiσµQiν − FiσνQiµ − 2FiµνQiσ) = 0, (2.30)
DµQiν −DνQiµ + F iλ νPλµ − F iλ µPλν +
1
2
FjµνU ij = 0, (2.31)
DµQiσ + F iλ σPλµ +
1
4
FjσµU ij = 0, (2.32)
DµU ij + F iµ λQjλ − εij kQkµ = 0, (2.33)
F jλ µQiλ − F iλ µQjλ − 2εij kQkµ = 0, (2.34)
εik lU jl − εjk lU il + 2εij lUkl = 0, (2.35)
where the non-Abelian {Pµν ,Qiν ,U ij}-set becomes the following:
Pµν = Rµν − 1
2
F iµλFiν
λ,
Qiν = DµF iµ ν , (2.36)
U ij = F iµνF jµν + εi klεjkl,
with εi klεjkl = 2δij for the 3D internal space. One can see that equations (2.22)–(2.27)
(and (2.30)–(2.35)) possess a richer structure than those found in Einstein’s theory (2.36)
since these equations naturally contain Einsteinian solutions
Rµν =
1
2
F iµλFiν
λ, DµF iµ ν = 0, F iµνF jµν = 2δij , (2.37)
and it is for the following reasons. For instance, from equations (2.25) and (2.26), we have
f (ij)µ = −2Dµ(F i ∧ ?F j), (2.38)
which means that the Lorentz force density 4-form, f ijµ (f iµi = −ιXµF i∧?Ji), which usually
appears in the geodesic equations of non-Abelian Kaluza-Klein theories (see e.g., [127, 128])
are equal to the negative gradient of the F i ∧ ?F j term, which is a well-known invariant
of non-Abelian theory [35, 36]. Moreover, the usual 4D continuity equation, D ? J i = 0, is
easily obtained by help of the equations (2.23) and (2.24).
2.1.1 Camenzind’s current density
By taking into account the 4D second gravitational Bianchi identity DRµν = 0 and the
Einstein field equation Gµ ≡ ?Rµ − 12 ? EµR = τXµ where the 4D Ricci scalar is R =
ιXν ιXµRµν , Camenzind has defined the current term Sµνσ to clarify the source-term problem
of the theory [5, 6, 58] without using the variational principle as follows:
DλR
λ
σµν ≡ Sµνσ = Dν(Tσµ − 1
2
gσµT )−Dµ(Tσν − 1
2
gσνT ), (2.39)
where Tσµ = ιXµ ? τXσ is the usual 4D stress-energy tensor whose trace is T , i.e., T = Tλ λ
[129, 130] (see also [38]). In this subsection, we try to show whether the current density
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term (2.28) can be written in the form of equation (2.39). In that respect, it is more
convenient to consider the Abelian counterparts of the equations (2.30)–(2.35) (and of
the (4+N)D non-Abelian Weyl-Yang-Kaluza-Klein gravity model [36]) because the non-
Abelian Kaluza-Klein theories have a well-known inconsistency problem for the reduced
components of the Einstein field equation GˆA = 0 [131]. Indeed, we have already obtained
the dimensionally reduced field equations of the 5D Weyl-Yang-Kaluza-Klein gravity model
[35] with scalar field ϕ = ϕ(x) (and ∂µϕ = ϕµ) as
DµPσν −DνPσµ + 1
4
(FσµQν − FσνQµ + 2FνµQσ) = 0, (2.40)
DµQν −DνQµ + Fµ λPλν − Fν λPλµ + 2ϕ−1FµνU = 0, (2.41)
DµQν + ϕ−1(ϕνQµ + 2ϕµQν)− Fν λPλµ + ϕ−1FµνU = 0, (2.42)
DµU − 1
4
ϕ3Fµ
λQλ + ϕλPλµ = 0, (2.43)
where the Abelian {Pµν ,Qν ,U}-set now reads
Pµν = Rµν − 1
2
ϕ2FµλFν
λ − ϕ−1Dµϕν ,
Qν = DµFµ ν + 3ϕ−1ϕµFµ ν , (2.44)
U = Dµϕµ − 1
4
ϕ3FµνF
µν .
After some manipulations, the equations (2.40)–(2.43) can be written as
DµP˜σν −DνP˜σµ + 1
2
ϕ−1(gσνDµU − gσµDνU)+
+
1
4
(FσµQν − FσνQµ + 2FνµQσ) = 0, (2.45)
DµQν −DνQµ + Fµ λP˜λν − Fν λP˜λµ + 3ϕ−1FµνU = 0, (2.46)
DµQν + ϕ−1(ϕνQµ + 2ϕµQν)− Fν λP˜λµ + 3
2
ϕ−1FµνU = 0, (2.47)
DµU − 1
4
ϕ3Fµ
λQλ + ϕλP˜λµ + 1
2
ϕ−1ϕµU = 0, (2.48)
where the new term P˜µν is
P˜µν = Rµν − (Tµν − 1
2
gµνT ). (2.49)
Here the energy-momentum tensor Tµν , which is covariantly conservative (DµTµ ν = 0),
and the trace T respectively become
Tµν =
1
2
ϕ2(FµλFν
λ − 1
4
gµνFλρF
λρ) + ϕ−1(Dµϕν − gµνDλϕλ), (2.50)
T = −3ϕ−1Dλϕλ. (2.51)
Hence, it is not difficult to conjecture that we can write the reduced forms of the Weyl-
Yang field equations in terms of not only the {Pµν ,Qν ,U}-set in (2.40)–(2.43) but also
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the {P˜µν ,Qν ,U}-set in (2.45)–(2.48), which are the empty space solutions of the ordinary
Kaluza-Klein gravity model [132], as
RˆA = 0⇒

Rˆµν = 0⇒ Pµν = 0,
Rˆµ5 = 0⇒ Qµ = 0,
Rˆ55 = 0⇒ U = 0,
(2.52)
GˆA = 0⇒

Gˆµν = 0⇒ Rµν − 12gµνR = Tµν ⇒ P˜µν = 0,
Gˆµ5 = 0⇒ Qµ = 0,
Gˆ55 = 0⇒ U = 0.
(2.53)
Therefore, it appears that equation (2.39) can be valid in the framework of the 5D Weyl-
Yang-Kaluza-Klein model if we consider the specific assumptions for the equations (2.45)–
(2.48), where Tµν is the energy-momentum tensor that comes from Einstein’s description
of gravity. For example, if we assume that DµU = 0 (but U 6= 0) and Qµ = 0, the field
equations (2.45)–(2.48) are reduced to
DλR
λ
σµν = Dν(Tσµ − 1
2
gσµT )−Dµ(Tσν − 1
2
gσνT ), (2.54)
Fν
λP˜λµ − 3
2
ϕ−1FµνU = 0, (2.55)
ϕλP˜λµ + 1
2
ϕ−1ϕµU = 0. (2.56)
2.2 The reduced stress-energy-momentum tensor
We can also obtain dimensionally reduced components of the energy-momentum tensor
of the matter fields τˆXˆA by taking into account equation (2.5) together with the equa-
tions (2.16)–(2.19). These equations are not only rather lengthy and complicated but also
the include the well-known Weyl-Yang (WY) energy-momentum tensor
τWYXµ =
1
2
(ιXµRνλ ∧ ?Rνλ −Rνλ ∧ ιXµ?Rνλ), (2.57)
and that of Yang-Mills (YM) theory
τYMXµ =
1
2
(ιXµFi ∧ ?F i − Fi ∧ ιXµ?F i), (2.58)
as well as those of the various constituent fields, such as those which are non-minimal, cubic,
quartic etc. For completeness, we explicitly list here the reduced components of the energy-
momentum 6-form of τˆXˆA by virtue of τˆXˆµ = Tˆµν ?ˆEˆ
ν+Tˆµj ?ˆEˆ
j and τˆXˆi = Tˆiν ?ˆEˆ
ν+Tˆij ?ˆEˆ
j in
the (4+3) decomposition. We can also check by employing the components below, whether
the full energy-momentum tensor, TˆAB, satisfies the conservation property DˆATˆA B = 0 or
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not. Then, direct calculations give the first component of the energy tensor as
Tˆµν = RµλσρRν
λσρ − 1
4
ηµνRτλσρR
τλσρ +
3
2
(FiµλF
i
ν
λ − 1
4
ηµνFiτλF
iτλ) +
+
3
2
F iρσ[Fi(µ
λRν)λσρ −
1
4
ηµνF
τλ
i Rτλσρ] +
3
2
εijk[
1
2
F i(µ|σF
jσρF kρ|ν) −
1
4
ηµνF
i
τσF
jσρF kρ
τ ] +
+
1
4
(FiµλF
λσ
j F
i
σρF
jρ
ν − ηµνFiτλF λσj F iσρF jρτ ) +
3
8
F iσρF
jσρ(FiµλFjν
λ − 1
4
ηµνFiτλF
τλ
j ) +
+
1
4
(FiµλF
λσ
j F
j
σρF
iρ
ν − ηµνFiτλF λσj F jσρF iρτ )−
1
16
ηµνδijδ
ij +
+(
1
2
DσFiµρDσF iν ρ +
1
4
DµFiσρDνF iσρ − 1
4
ηµνDσFiτρDσF iτρ). (2.59)
It should be emphasized here that the ηµν and δij are the vierbein and dreibein metrics
of the external and internal manifolds, respectively and that δijδij = 3. The remaining
components correspondingly are given by
Tˆµj =
1
2
RµλσρDλF σρj +
1
2
εjikF
iσρD(µF kρ)σ +
3
4
Fiµ
λF iσρDσFjρλ − 1
2
F σλj Fiλ
ρD(µF iσ)ρ,
Tˆij =
3
8
[εkliF
l
τσF
σρ
j F
k
ρ
τ + εkljF
l
τσF
σρ
i F
k
ρ
τ − δijεklmF lτσFmσρF kρ τ ]−
− 1
16
(
1
2
FiτλF
λσ
k FjσρF
kρτ + δijFlτλF
λσ
k F
l
σρF
kρτ ) +
+
1
4
(
5
2
FiτλF
λσ
k F
k
σρF
ρτ
j − δijFlτλF λσk F kσρF lρτ ) +
+
1
4
(DσFiτρDσF τρj − δijDσFkτρDσF kτρ)−
3
8
FiλρF
λρ
j −
−1
4
δij(RµνλρR
µνλρ − 3
2
F kµνF λρk Rµνλρ +
3
8
FkµνF
kµνFlλρF
lλρ − 1
4
). (2.60)
It is not difficult to conjecture that for the 4D case, we only obtain the source-free field
equation D?Rµν = 0 and the stress-energy tensor of the 4D Weyl-Yang theory, τWYXµ .
3 Ansatz and static black hole solutions
Now, we investigate the black hole solutions to the (4 + 3)D Weyl-Yang gravity model by
taking into account the generalized Wu-Yang ansatz (for a review of higher-dimensional
black hole solutions for different manners, see e.g., [96]). It is very difficult to obtain
exact solutions of higher-derivative gravity theories. In order to obtain computational
advantage in solving third-order non-linear partial differential equations, it is useful to
consider the symmetric version of the 4D static spherically-symmetric space-time metric
which describes not only charged but also asymptotically (anti-) de Sitter black holes. In
the usual Schwarzschild coordinates, x = (t, r, θ, φ), the external metric can put into the
form
G(x) = −f(r)dt⊗ dt+ f(r)−1dr ⊗ dr + r2dθ ⊗ dθ + r2 sin2 θdφ⊗ dφ, (3.1)
where the metric function f(r) depends only on the radial coordinate r. Moreover, we
choose the 3D line element for the internal space as the unit three-sphere S3 in terms of
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Euler coordinates, y = (Θ,Φ, ψ) [133], describing rotations, which are given by the line
element in its standard form:
G(y) = dΘ⊗ dΘ + sin2 ΘdΦ⊗ dΦ + (dψ + cos ΘdΦ)⊗ (dψ + cos ΘdΦ). (3.2)
Here, the ranges are 0 ≤ θ,Θ ≤ pi, 0 ≤ φ,Φ ≤ 2pi, 0 ≤ ψ ≤ 4pi, and 0 < r < r∞, and
∂/∂Φ = ∂Φ is the usual Killing field associated with the circle S1 in the background of
the Abelian Kaluza-Klein theories. The internal metric G(y) in equation (3.2) is actually
a special case of Berger sphere [134], and it can be rewritten in the general rescaled, i.e.,
“squashed" form
G(y) =
7∑
i=5
l2iE
i ⊗ Ei, (3.3)
where the Ei are the right-invariant 1-form set by
E5(y) = cosψdΘ + sinψ sin ΘdΦ,
E6(y) = − sinψdΘ + cosψ sin ΘdΦ, (3.4)
E7(y) = dψ + cos ΘdΦ.
Other choices of Ei that satisfy the structure equation (2.14) are also possible (see e.g., [135–
137]). The li, 0 < li < ∞, can be defined as the curvature radii of the internal space, and
they are constants for a static background. We consider the symmetric case where the
three principal radii of curvature are equal, l5 = l6 = l7, corresponding to the usual round
three-sphere with isometry group G = SU(2) × SU(2) ' SO(4) [138]. In that special
case, the S3 manifold is completely invariant under the right action of the gauge group,
SU(2) [139]. We also investigate the case where l5 = l6 6= l7, which corresponds to the
squashed sphere geometry with isometry algebra G = SU(2)×U(1). It possesses a circular
isometry, and it usually appears in the quantum field theory, especially in the mixmaster
Universe (see [140] and references therein). The 0-form dilaton field is, for the sake of
simplicity, taken ϕ = ϕ(r) = 1 in the equation (2.8), but here it can be useful to use ϕ(r)
to investigate the additional effects of this field on the non-trivial solutions. Thus the final
form of the full metric Gˆ(x, y) becomes
Gˆ(x, y) = G(x) + ϕ(r)
7∑
i=5
(liE
i +Ai)⊗ (liEi +Ai). (3.5)
We also introduce well-known, time-independent, generalized Wu-Yang monopole-like
gauge potentials. Thus, in general, the gauge field ansatz is given by the following spheri-
cally symmetric electric and magnetic parts:
Ai = Ai0(~x, t)dt+Aia(~x, t)dxa, (3.6)
where
Ai0(~x, t) =
J(r)
gr
xˆi, Aia(~x, t) = εi ab
[K(r)− 1]
gr
xˆb, (3.7)
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which are free from any line singularity if we assume all Yang-Mills fields to be independent
of the extra internal coordinates. Here, the profile functions, J(r) and K(r), are arbitrary
real-valued functions depending on the variable r =| ~x |, to be determined by the equations
of motion. As usual, g is the quantized monopole charge, xˆa = xa/ | ~x | are the spatial unit
vectors, i, j, ... = 1, 2, 3 are the color indices, and a, b, ... = 1, 2, 3 are the space indices, which
mean that both indices are used in the same way. After some manipulations in Minkowski
space-time, the corresponding Yang-Mills field strength 2-form, in which the electrically-
and magnetically-charged but-not-rotating particles moving with unit charge (i.e., g = 1)
and coupling constant (e = 1), can explicitly be obtained as:
F i =
{
δia
(
JK
r2
)
+ xixa
[
rJ ′ − J(K + 1)
r4
]}
dxa ∧ dt+
+εab
c
[
δic
(
K ′
r
)
− x
ixc
r3
(
K ′ − K
2 − 1
r
)]
dxa ∧ dxb, (3.8)
(see also e.g., [141, 142]). Here, prime implies a derivative taken with respect to r, as usual.
If we define the electric-like field 1-form as Ei ≡ Eiadxa and the magnetic-like field 2-form
as Bi ≡ Bia ? (dxa ∧ dt), then we can write F i = Ei ∧ dt + Bi. Consequently, the electric
fields and the magnetic fields can be obtained from equation (3.8) by taking into account
the relationships Ei ≡ ιXtF i and Bi ≡ −ιXt ? F i [143].
By substituting the squashed version of the (4+3)D metric tensor (3.5) where l5 =
l6 = l and l7 = `, together with the gauge potentials (3.7), into the master field equation
(2.4) (SˆAB = 0), we unfortunately obtain complicated and highly non-linear sets of field
equations due to the nature of the Weyl-Yang model (our calculations have been checked
by the Atlas 2 [144], which is the differential geometry package for Mathematica). However,
after we carefully analyze the full patterns of differential equations which are completely
independent of the internal coordinates, y = (Θ,Φ, ψ), we recognize the fact that there
are non-trivial choices that make the field equations solvable. Therefore, the two following
cases easily appear for finding exact solutions (for similar choices for different manners, see
e.g., [145, 146]).
3.1 The K(r) = K case
Assume the non-trivial gauge charge K(r) to be a constant, K(r) = K. Then, the par-
ticles still carry both electric and magnetic charge unless J(r) = 0 or K(r) = 1, and
the particle-like solution is called a dyon solution by Schwinger [147] in Abelian theory
and later by Julia-Zee [148] in non-Abelian theory (by taking into account the ’t Hooft-
Polyakov monopole solution [149, 150], which is the first well-known magnetic monopole
solution for the Yang-Mills-Higgs theory with gravity neglected in the literature). The
dyons can also be interpreted as the excited states of magnetic monopoles from the point
of view of modern physics. Then, we obtain 21 very complicated dyon equations, and the
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simplest non-vanishing one becomes the following:
l4ϕ(r)(K − 1)
{
g2r2
[
3J(r)2 − 4f(r)(K − 1)2]− J(r)2(K − 1)2ϕ(r)2 −
−J(r)2[g2r2 + (K − 1)2ϕ(r)2] cos 2θ}+ 2(l2 − `2)r cos2 θ(K − 1)ϕ(r)J(r)J ′(r)×
×
{
l2
[
g2r2 + (K − 1)2ϕ(r)2]+ 3gl2`(K − 1)ϕ(r)2 + `2[g2r2 + (K − 1)2ϕ(r)2]}+
+`ϕ(r)
(
gl4
{
4g2r2
[
J2 − 2f(r)(K − 1)2]− 3J(r)2(K − 1)2ϕ(r)2 −
−3 cos 2θJ(r)2(K − 1)2ϕ(r)2
}
+ `(K − 1)
{
−8g4l4r2f(r)− gl2`(K − 1)[4g2r2f(r)−
−3J(r)2ϕ(r)2 − 3J(r)2ϕ(r)2 cos 2θ]+ 2 cos2 θ`2J(r)2[g2r2 + (K − 1)2ϕ(r)2]})+
+4g2l2r3ϕ′(r)
(
l2(K − 1)[−J(r)2 + f(r)(K − 1)2]+
+g`
{
l2
[−J(r)2 + 2f(r)(K − 1)2]+ `f(r)(K − 1)[2gl2 + `(K − 1)]}) = 0. (3.9)
Here we can prove that if ` = ±l, the equation (3.9) is reduced to more simpler form as
(K − 1± gl) [f(r)(K − 1)(K − 1± 2gl)− J(r)2] [rϕ′(r)− ϕ(r)] = 0. (3.10)
This gives the following conditions for the constant K:
K =
{
1− gl if ` = l,
1 + gl if ` = −l,
(3.11)
where the both conditions, ` = l and ` = −l, correspond actually to the round three-sphere
due to the `2 = (±l)2 = l2, if
f(r)(K − 1)(K − 1± 2gl)− J(r)2 6= 0, (3.12)
rϕ′(r)− ϕ(r) 6= 0. (3.13)
Then, we can symbolically write
K = 1− g`. (3.14)
After that, we immediately obtain from the other field equations
[rJ ′(r)− J(r)]2 − g2`2 = 0, (3.15)
with the supplementary equation
ϕ′(r) = 0. (3.16)
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We easily achieve the following particular solutions of equations (3.15) and (3.16), respec-
tively:
J(r) = j∞r ± g`, (3.17)
ϕ(r) = ϕ0, (3.18)
where j∞ and ϕ0 are the corresponding integration constants of J(r) and the scalar field
ϕ(r). J(r) can be explicitly written as
J(r) =
{
j∞r ± gl if ` = l,
j∞r ∓ gl if ` = −l.
(3.19)
In that respect, the remaining field equations reduce to following set of radial differential
equations:
f ′′′(r) +
2
r
f ′′(r)− 2
r2
f ′(r) +
4ϕ20`
2
r5
= 0,
f ′′(r) +
2
r
f ′(r)− ϕ
2
0`
2(l2 + `2)
2l2r4
+
1
`2ϕ20
= 0,
f ′′(r)− 2
r2
[
f(r)− `
2
l2
]
− ϕ
2
0`
2(l4 + 3`4)
2l4r4
= 0,
f ′(r) +
1
r
[f(r)− 1] + ϕ
2
0`
6
2l4r3
+
r`2
2l4ϕ20
= 0. (3.20)
Now, it is possible to simplify differential expressions above due to the `n = ln only if n is
an even integer. Therefore, we have the following equations for round S3 internal metric:
f ′′′(r) +
2
r
f ′′(r)− 2
r2
f ′(r) +
4ϕ20l
2
r5
= 0,
f ′′(r) +
2
r
f ′(r)− ϕ
2
0l
2
r4
+
1
l2ϕ20
= 0,
f ′′(r)− 2
r2
[f(r)− 1]− 2ϕ
2
0l
2
r4
= 0,
f ′(r) +
1
r
[f(r)− 1] + ϕ
2
0l
2
2r3
+
r
2l2ϕ20
= 0. (3.21)
After integration, these differential sets admit an exact but singular solution of the following
form:
f(r) = 1− 2M
r
+
Z2
r2
− 1
3
Λr2, (3.22)
where we have defined
Λ =
1
2(lϕ0)2
, Z2 =
1
4Λ
=
(lϕ0)
2
2
, (3.23)
and 2M > 0 is the integration constant, which is identified with the total time-independent
gravitational mass of the black hole, and the parameter Z can be interpreted as the charge-
like term of the space-time. Equation (3.22) is the Reissner-Nordström-de Sitter (RNdS)-
type black hole solution with a positive cosmological constant, Λ > 0. The RNdS solution
– 16 –
is a charged black hole immersed in an asymptotically de Sitter space-time. It was first
obtained by Carter [151] and its properties are well-defined (for a detailed discussion, see
e.g., [152, 153]). Moreover, RN-type solutions have been previously discussed for the EYMH
model [107–110] (also see e.g., [154–160]).
In the present situation, the positive cosmological constant of the asymptotically de
Sitter black hole is associated with a constant dilaton field, ϕ0, and the radius of the three-
sphere, l, and the de Sitter cosmological radius can be written as R =
√
6lϕ0 if Λ = 3/R2.
We remark that if l = 1, then the constant dilaton field can behave as a radius of three-
sphere [126]. The observational data suggest that the dimensionful parameter Λ is non-zero
with an accelerating universe [161, 162] and its value is approximately |Λ| ≈ 10−52m−2 [163]
(and see also [164]). Then, we have ϕ0l ≈ 1026m, and the dimension of the charge is
[Z] = Length.
We can analyze the curvature invariant, curvature scalar and roots of f(r) to understand
the general structure of RNdS-type black hole solutions, as usual. As might be expected,
the singularity behavior of the considered solution is similar to that of the RNdS black hole.
The Kretschmann scalar or the Lagrangian density Kˆ = ?ˆ(RˆAB ∧ ?ˆRˆAB) are calculated as
Kˆ = 17
24(lϕ0)4
+
96M [Mr2 − (lϕ0)2r] + 21(lϕ0)4
4r8
,
(3.24)
and the Ricci scalar Rˆ = ιˆXˆB ιˆXˆARˆAB behaves as
Rˆ = 7
2(lϕ0)2
. (3.25)
Hence, the curvature invariant in equation (3.24) as well as the metric function f(r) in
equation (3.22) exhibit a physically essential (curvature) singularity at the origin, r = 0,
and the Ricci scalar Rˆ is finite everywhere. As r → ∞, the curvature invariant becomes
Kˆ = 17
24(lϕ0)4
, and for r 6= 0 it is also finite. On the other hand, the horizon function or the
lapse function ∆(r) can be written as
∆(r) = −1
3
Λr4 + r2 − 2Mr + Z2. (3.26)
The real roots are determined by solving the quartic polynomial function ∆(r) ≡ 0, and
they can be ordered as r1 < 0 < r− ≤ r+ < rc if Z 6= 0. That is
∆(r) = (r − r1)(r − r−)(r − r+)(r − rc). (3.27)
Here, r− is the inner (Cauchy) horizon, r+ is the black hole event horizon, rc corresponds to
the outer cosmological horizon, and the negative root r1 = −(rc + r+ + r−) is nonphysical.
From equation (3.26), we can deduce the explicit forms of the zeros of ∆(r) in the following
forms:
r± = Ω±
√
Ψ(−), rc,1 = −Ω±
√
Ψ(+), (3.28)
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where
Ω = lϕ0
√√√√1 + [(3
2
M
lϕ0
)2
− 1
]1/3
, Ψ(±) = 3(lϕ0)2
(
1± M
Ω
)
− Ω2. (3.29)
If we want to obtain a space-time with horizons but without any un-physical naked singu-
larity, we must restrict the value of mass M to the certain limits by taking into account l
and ϕ0. For instance, we suppose that 94
M2
l2ϕ20
> 1 to obtain a positive cube root term, and
obviously Ω > 0. This restriction is compatible with Lake’s condition, Z2 < 98M
2 [165], as
expected.
We can also construct the “extremal" or “cold" black hole solution where two or three
roots are equal to each other. For example, if the two horizons coincide r− = r+ = rh at
rh, then we have Ψ(−) = 0 which means that the mass M (M < Z) yields
M =
2
3
lϕ0. (3.30)
Hence, rh becomes
rh = lϕ0. (3.31)
This is a charged Nariai-type black hole solution with a horizon at rh [166]. It is easy to see
that the cosmological horizon also satisfies rc = rh. In other words, three horizons (rather
than two, as assumed) coincide at rh = rucd = lϕ0, and we actually obtain the ultracold
black hole together with f(rucd) = f ′(rucd) = f ′′(rucd) = 0, M = 23rucd, and Z
2 = 12r
2
ucd,
which are all compatible with the results of [152] and [167] (also see e.g., [168]). Moreover,
the surface gravity of the corresponding horizon takes a form in terms of the slope of f(r)
at that horizon [169, 170] (for the alternative definition, see [171]), given by:
κ(−,+,c) =
1
2
∣∣∣∣df(r)dr
∣∣∣∣
r=r(−,+,c)
. (3.32)
For instance, the surface gravity associated with the event horizon κ+ can be written as
κ+ =
1
2
∣∣∣∣2Mr2+ − r+3(lϕ0)2 − (lϕ0)
2
r3+
∣∣∣∣ . (3.33)
Furthermore, the associated Hawking temperature, TH , [170, 172] can be calculated by
using the relationship TH =
|κ|
2pi , i.e.,
T+ =
1
4pi
∣∣∣∣2Mr2+ − r+3(lϕ0)2 − (lϕ0)
2
r3+
∣∣∣∣ . (3.34)
In the extreme case, the RNdS black hole has zero temperature, and for the Z2 = M2 case
which represents lukewarm black holes [173] the temperature is given by
T =
1
6pilϕ
√√
3− 3
2
≈ 0.026
lϕ0
, (3.35)
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and the solutions are stable in this fashion. This temperature is also directly obtained from
the relationship
T =
1
2pi
√√√√Λ
3
(
1− 4M
√
Λ
3
)
, (3.36)
which is given in [152, 174].
We can also record the gauge potentials in the following forms:
Ai = `
[(
j∞
g`r
± q
r2
)
xidt− p
r2
εi abx
bdxa
]
. (3.37)
Here, the constant terms q = 1 and p = 1 are placed into the general gauge equation above
for later convenience. In the first place, it is not difficult to conjecture that Ai(`=−l) 6=
−Ai(`=l). However, by taking into account Dirac’s quantization relation [102] we require not
only that e = g, but also that g = −1` , which satisfies D ? F i = 0. Then, equation (3.37)
can be explicitly written asA1A2
A3
 = `[(±q
r
− j∞
) sin θ cosφsin θ sinφ
cos θ
 dt− p
 sinφ− cosφ
0
 dθ − p sin θ
 cos θ cosφcos θ sinφ
− sin θ
 dφ],
(3.38)
which satisfies Ai(`=−l) = −Ai(`=l). Here, the parameters j∞, q, and p determine the scale
of J(r) [175], and the electric and magnetic charge, respectively.
For SU(2) gauge fields, the dimensionless, global, gauge invariant non-Abelian electric
charge, QYM , and the magnetic charge, PYM , may be defined by employing surface integrals
over the two-sphere S2 at r →∞, as in [176–179] (also see [180]):
QYM ≡ − g
4pi
∮
r→∞
√∑
i
(?F iθφ)
2dθdφ, PYM ≡ − g
4pi
∮
r→∞
√∑
i
(F iθφ)
2dθdφ.
(3.39)
Equation (3.39) is also useful for obtaining horizon charges and local charges [181, 182].
Thus, following the Yang-Mills topological charges from equation (3.39), we have the fol-
lowing:
QYM = |q`|
`
, PYM = |p(p− 2)`|
`
. (3.40)
That is
QYM =
{
+1 if ` = l,
−1 if ` = −l,
PYM =
{
+1 if ` = l,
−1 if ` = −l.
(3.41)
Thus, it is found that for the case ` = l the gauge field corresponds to the positively-
charged dyon solution whereas we have the negatively-charged anti-dyon solution for the
case ` = −l. It seems that whether a dyon or anti-dyon solution is obtained depends on
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the sign of the internal space squashing parameter, `. In this fashion, the (anti)-dyonic
black hole carries one unit of electric charge and one unit of magnetic charge, and it is
appropriate to redefine parameter Z2 in (3.23) as
Z2 =
Q2 + P2
8Λ
, (3.42)
where the total (electric plus magnetic) time-independent gravitational charge of the space-
time is equal to
Q2 + P2 = 2. (3.43)
It is essential here to note that, for the SU(N ) gauge field, the only value of the magnetic
charge P appearing in the black hole solutions is given by (see e.g., [183–185])
P2 = 1
6
N (N + 1)(N − 1). (3.44)
Hence, for the gauge group G = SU(2), we have P2 = 1, which we already obtained from
equation (3.41). The resulting dyon solution is actually relevant to the Abelian-like solution
of the EYMH model, which was previously given by Kasuya and Kamata [186–188] (also
see [175, 189]) as a special solution. Moreover, when q = j∞ = 0, the gauge potentials
reduce to the well-known Wu-Yang monopole with infinite classical energy [97, 190] (see
also the Bogomolnyi-Prasad-Sommerfield monopole solutions [191, 192]) but this case is not
a solution of our model when J(r) = 0.
It is useful a quickly review the main results of the remarkable studies of Perry [118]
and Angus [119]. They considered a case where not only was the field strength in a four-
index form but also the gauge potentials were simpler than the generalized Wu-Yang ansatz
(3.7), by taking the 6D and 7D Einstein equations into account together with a cosmological
constant and the matter fields, respectively. In the compact form, the gauge ansatz that
was used was Ai = δi3A(r, θ), which can be explicitly written asA1A2
A3
 = J(r)
 00
−1
 dt+K(r)
 00
cos θ
 dφ. (3.45)
This condition is also known as the Abelian gauge, because of the its similarity to the U(1)
(which is a subgroup of SU(2)) Abelian model [193], keeping in mind that any Abelian
solutions solve the non-Abelian equations. Perry found the Abelian-like solution to the 6D
model with a matter source from the Einstein action in the following form:
f(r) = 1− 2M
r
+
Z2
r2
, (3.46)
where
Z2 =
q2 + p2
8Λ
=
p2
4Λ
, Λ =
1
2ϕ20
, (3.47)
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The gauge field and whose functions are
A3 = ∓q
r
dt+ p cos θdφ, (3.48)
J(r) = ±q
r
, K(r) = p, (3.49)
where q = p and p is a constant. The topological charge, p, must be p = n2 , where n is an
integer (for Z2 monopoles p = ±12 [106]) to avoid string singularities. On the other hand,
the solutions of the 7D model found by Angus are very problematic, and only approximate
solutions may be possible, due to more the complicated non-Abelian Kaluza-Klein metric
ansatz. The metric function, f(r), can roughly be written as
f(r) = 1− 2M
r
+
Z2
r2
+O(
1
r3
), (3.50)
where
Z2 =
q2 + p2
4Λ
, Λ =
1
2l2
, (3.51)
for α0 = 0. Furthermore, the unknown profile functions and the gauge field respectively
are
J(r) =
q
r
+O(
1
r2
), K(r) = p, (3.52)
A3 = −
[
q
r
+O(
1
r2
)
]
dt+ p cos θdφ, (3.53)
where q and p are again constant. Hence, our solution (3.22) is not only in a more desir-
able and suitable form than both Perry’s (3.46) and Angus’ (3.50) solutions but also the
spherically-symmetric gauge potentials (3.38) are more general and non-Abelian than both
(3.48) and (3.53).
Although we prefer to keep the radii of curvature ` out of the gauge potentials in
equation (3.38), we can also consider the case where q = p = `. In fact, due to the
quantization conditions, we can already write p = 12nR, where R is the Kaluza-Klein circle
radius of S1 for the 5D Abelian model [194]. Therefore, it is not surprising that the magnetic
monopole charge p is related to the internal space parameter `. Hence, we have the total
SU(2) charge as Q2 +P2 = 2l2g2, and the parameter Z2 and the new modified cosmological
constant Λ˜ in the following forms:
Z2 =
2l2g2
8Λ˜
=
l2g2
4Λ˜
, Λ˜ = l2g2Λ =
g2
2ϕ20
. (3.54)
It is not difficult to conjecture that these equations reduce to the previous equations (3.23) if
g = −1` , where Λ˜ = Λ, and Perry’s results in equation (3.47) for the case g = 1, respectively.
The new positive cosmological term Λ˜ depends on the constant dilaton field as well as the
charge parameter, g, in this case.
As mentioned before, the topological charges in equation (3.41) have very special values
with q = p = 1. As was noted by Perry [118], these types of charges actually occur in the
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vacuum solutions of Einsteinian gravity (see e.g., [120]), i.e., RˆA = ΛˆEˆA for all constant
Λˆ where Λˆ = Λ, which corresponds to the Einstein manifold. We obtain the same results
for the Weyl-Yang model, due to the fact that the empty-space solutions exactly solve
Dˆ?ˆRˆAB = 0. However the master equation Dˆ?ˆRˆAB = 0 also contains the physical and
un-physical families of non-Einsteinian solutions. We obtain the following relations from
the equation (3.10), which do not appear in the empty space solutions of the Einstein field
equation:
f(r) =
J2(r)
(K − 1)(K − 1 + 2g`) , (3.55)
where K 6= 1 and K 6= 1− 2g`, or
ϕ′(r)− 1
r
ϕ(r) = 0. (3.56)
The solution of dilaton equation (3.56) is found to be
ϕ(r) = ϕ0r. (3.57)
It is straightforward to insert solution (3.57) into the field equations to investigate the exact
analytic solutions. Doing this, one of the field equations becomes the following:
rJ2(r)
f ′(r)
f(r)
− (K − 1)(K − 1 + 2g`)f(r)− 2rJ(r)J ′(r) + J2(r) = 0. (3.58)
It may be rewritten as
[
J2(r)
rf(r)
]′
− (K − 1)(K − 1 + 2g`)
r2
= 0. (3.59)
Hence, we have
f(r) =
J2(r)
(K − 1)(K − 1 + 2g`) + f0r , (3.60)
where r 6= −(K − 1)(K − 1 + 2g`)/f0 and f0 is an integration constant, f0 6= 0. However,
it is very difficult to find the function J(r), the constant f0, and therefore the metric
function f(r), which satisfies all of the coupled field equations, even if we consider further
assumptions about the function J(r). Thus, further investigations are needed to clarify the
physical meaning of both solutions (3.55) and (3.60), if they exist. For instance, numerical
analysis can be made possible by taking into account the finite-energy dyon configurations.
Finally, the components of the gravitational energy-momentum second-rank tensor are
given by employing the RNdS-like black hole solution and expressing the relationship TˆAB =
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ιˆXˆB ?ˆτˆXˆA in the following forms:
Tˆtt =
3
16(lϕ0)4
+
2r4 + 24(lϕ0)
2(3r2 − 8Mr) + 63(lϕ0)4
24r8
,
Tˆrr = − 3
16(lϕ0)4
− 10r
4 + 24(lϕ0)
2(r2 − 4Mr) + 39(lϕ0)4
24r8
,
Tˆθθ = Tˆφφ = − 3
16(lϕ0)4
+
2r4 + 16(lϕ0)
2(r2 − 3Mr) + 15(lϕ0)4
8r8
,
TˆΘΘ = − 5
48(lϕ0)4
− 96M
[
Mr2 − (lϕ0)2r
]
+ (lϕ0)
4
(
21− 4 sin2 θ cos2 φ)
8r8
,
TˆΦΦ = − 5
48(lϕ0)4
− 96M
[
Mr2 − (lϕ0)2r
]
+ (lϕ0)
4
(
21− 4 sin2 θ sin2 φ)
8r8
,
Tˆψψ = − 5
48(lϕ0)4
− 96M
[
Mr2 − (lϕ0)2r
]
+ (lϕ0)
4(19− 2 cos 2θ)
8r8
. (3.61)
On the other hand, the flux-like components can be found to be
TˆtΘ
sin θ cosφ
=
TˆtΦ
sin θ sinφ
=
Tˆtψ
cos θ
=
`ϕ0
√
f(r)
[
6Mr − 5(lϕ0)2
]
r7
, (3.62)
TˆΘΦ
sin2 θ sin 2φ
=
TˆΘψ
sin 2θ cosφ
=
TˆΦψ
sin 2θ sinφ
=
(lϕ0)
4
4r8
. (3.63)
One can also write the remaining components of the stress-energy tensor by employing its
symmetry properties. All other components vanish as well. Let us finally mention that
the all stress-energy tensors above are divergence at the singular point r = 0, and there
are no proper values for θ and φ that make all off-diagonal components zero. However,
the components in equation (3.62) that depend only on the parameter `, among all the
components, vanish at the zeros of f(r).
3.2 The J(r) = 0 case
We can alternatively consider the case where the Coulomb part of gauge field is chosen so
that Ai0(~x) = 0. In other words, the electric field vanishes at J(r) ≡ 0, and the Yang-
Mills fields become purely magnetic, rather than dyons, due to this restricted monopole
configuration. In this regard, the corresponding magnetic-monopole solutions are dipole-
like solutions, i.e., F iab ∼ 1r3 (see the equation (3.8)), and they vanish faster than the
monopole-like solutions, i.e., F iab ∼ 1r2 . Then, the simplest field equation becomes
3g2l2`2r2f(r)ϕ(r)2[K ′(r)]2 + 2g2l2(l2 − `2)r2f(r)ϕ(r)ϕ′(r)[K(r)− 1]K ′(r)−
−3[K(r)− 1]2
(
−g2l2r2 + 2gl2`[K(r)− 1]ϕ(r)2 + `2
{
[K(r)− 1]2ϕ(r)2 + g2r2 +
+4g2l2ϕ(r)2 + 2g`[K(r)− 1]ϕ(r)2
})
= 0. (3.64)
Again, we can assume that ` = ±l, then the equation (3.64) simply gives
ϕ(r)2
{
g2l2r2f(r)
[
K ′(r)
]
2 − [K(r)− 1]2[K(r)− 1± 2gl]2} = 0. (3.65)
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Thus, the metric function f(r) takes the form if ϕ(r) 6= 0 as:
f(r) =
[K(r)− 1]2[K(r)− 1± 2gl]2
g2l2r2 [K ′(r)] 2
. (3.66)
However, we could not find any solution, which satisfies all of the coupled field equations,
for K(r) 6= constant. Hence, let us assume again that the space component function of the
gauge field is of the form K(r) = K, where K is a constant and K 6= 1, to simplify the
field equations. Then using `n = ln with n being an even integer we obtain by employing
the equation (3.65):
K = 1− 2g`. (3.67)
Here, we also prove thatK = 1−g` is surprisingly not a solution anymore for this considered
case. The piecewise-defined constant K can explicitly be written in the following forms:
K =
{
1− 2gl if ` = l,
1 + 2gl if ` = −l,
(3.68)
for the round internal metric. The gauge potentials, which are electrically neutral are found
to be A1A2
A3
 = `[−p˜
 sinφ− cosφ
0
 dθ − p˜ sin θ
 cos θ cosφcos θ sinφ
− sin θ
 dφ], (3.69)
which again satisfy Ai(`=−l) = −Ai(`=l) with the constant term p˜ = 2. In the round limit,
all components of the Yang-Mills strength (3.8) vanish, and the Ai(`=l) is the so-called pure
gauge. However, there are two possibilities for the constant g that satisfy the 4D source-free
Yang-Mills equations D ? F i = 0 with e = g for this situation. These are
g = −1
`
, g = − 1
2`
. (3.70)
The electric charge already vanishes, QYM = 0, in the absence of J(r), while the non-zero
color magnetic charge is the same as equation (3.40) for g = −1` :
PYM = |p˜(p˜− 2)`|
`
, (3.71)
which gives zero charge in both the ` = l and ` = −l cases, due to the p˜ = 2
PYM = 0. (3.72)
On the other hand, for g = − 12` , PYM is calculated as
PYM = |p˜(p˜− 4)`|
4`
. (3.73)
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Then we obtain the positively-charged monopole and the negatively-charged anti-monopole
as
PYM =
{
+1 if ` = l,
−1 if ` = −l.
(3.74)
This monopole solution, which has zero energy, was previously discussed by Wu and Yang
by taking the sourceless Yang-Mills equations into account. However the anti-monopole
solution is new, and corresponds to the infinite energy Wu-Yang monopole [97].
Next, we turn to the investigation of the black hole solutions. Inserting expression (3.67)
into the field equations yields three coupled nonlinear differential equations as follows:
f ′′′ +
[
3
(
ϕ′
ϕ
)
+
2
r
]
f ′′ −
[
3
(
ϕ′
ϕ
)2
+
2
r2
]
f ′ = 0,
f ′′ + 3
(
ϕ′
ϕ
)
f ′ − 2
[
3
(
ϕ′
ϕ
)2
+
1
r2
]
f +
2`2
l2r2
= 0,
(
ϕ′
ϕ
)
f ′′ +
[
4
(
ϕ′′
ϕ
)
+
(
ϕ′
ϕ
)2
+
2
r
(
ϕ′
ϕ
)]
f ′ + 2
{(
ϕ′′′
ϕ
)
+
(
ϕ′′
ϕ
)[(
ϕ′
ϕ
)
+
2
r
]
−
−2
(
ϕ′
ϕ
)[(
ϕ′
ϕ
)2
+
1
r2
]}
f +
1
l2ϕ2
(
ϕ′
ϕ
)
= 0. (3.75)
In the first place, we recognize the fact that there is no relationship between the charge-
like constant p˜ and the field equations above. Thus, this case may be considered as a
kind of Brans-Dicke-type case. It is not easy to obtain the general analytic solutions of two
unknown functions f = f(r) and ϕ = ϕ(r) from the field equations (3.75). However, we can
consider some specific dilaton ansatz not only for the sake of simplicity but also deserving
attention in the following subsections:
3.2.1 The ϕ(r) = ϕ0 case
First, we can restrict ourselves to the simplest case where the scalar field is just a constant,
i.e., ϕ(r) = ϕ0. Then, the differential equations (3.75) reduce to two simple sets as
f ′′′(r) +
2
r
f ′′(r)− 2
r2
f ′(r) = 0, (3.76)
f ′′(r)− 2
r2
f(r) +
2
r2
= 0. (3.77)
It is not difficult to find exact solutions for the equations (3.76) and (3.77). Hence, we
obtain
f(r) = 1− 2M
r
− 1
3
Λr2, (3.78)
where the two integration constants, M and Λ, may be interpreted as a mass and a cos-
mological constant of the black hole, respectively. This solution is nothing but the famous
neutral Schwarzschild black hole (Kottler) solution in the de Sitter space-time if Λ > 0.
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That is the simplest black hole solution of the Einstein equations with a positive cosmolog-
ical constant [195–197]. In the 4D Weyl-Yang limit, this solution has already been obtained
by several authors [5, 82, 83, 90, 91], because of fact that the vacuum solutions of Einstein
equations, i.e., RˆA = 0 and RˆA = ΛˆEˆA, are also the first integral solutions of the mas-
ter equation (2.4) of the theory (SˆAB = 0) to be found in the natural way, as mentioned
before. However, in our approach the cosmological constant comes naturally out from the
field equations as a integration constant. This situation seems to be more natural than
adding a cosmological constant into the Einstein field equations by hand. The boundary
conditions of the (in)-homogeneous Universe determine the cosmological constant, and fine-
tuning may not be as serious of a problem as it is in Einstein’s theory of relativity (for a
detailed discussion, see [38, 41]).
On the other hand, the roots of the black hole solution (3.78) can be classified into
three cases: 
two real positive zeros r+ < rc if 0 < 9M2Λ < 1,
the extreme case r+ = rc = 3M if 9M2Λ = 1,
no real positive zeros if 9M2Λ > 1,
(3.79)
where M > 0 (see e.g., [198]). Let us also remark that, if we assume that Λ < 0, we
obtain the Schwarzschild-anti-de Sitter solution, and by setting Λ = 0 we just have the
Schwarzschild solution. The invariants in this case become
Kˆ = 3
8(lϕ0)4
+
4Λ2
3
+
24M2
r6
, Rˆ = 3
2(lϕ0)2
+ 4Λ, (3.80)
and the nonzero components of the stress-energy tensor turn out to be
Tˆtt = −Tˆrr = −Tˆθθ = −Tˆφφ = 3
16(lϕ0)4
, (3.81)
TˆΘΘ = TˆΦΦ = Tˆψψ =
1
16(lϕ0)4
− 2Λ
2
3
− 12M
2
r6
. (3.82)
Therefore, the gravitational energy-momentum tensor TˆAB is just diagonal, and is for-
mally similar to that of Maxwell’s theory of electromagnetism. At the origin r = 0, the
Kretschmann invariant and the 3D parts of the stress-energy tensor have a pole, whereas
the curvature scaler is finite everywhere. We finish this subsection with one important
remark: the dilaton field must satisfy the condition ϕ(r) 6= constant, otherwise, as we can
see, one obtains trivial solutions (see also [95]). Therefore, the existence of non-constant
dilaton fields in not only the (anti)-monopole solutions, but also the (anti)-dyon solutions
(see equations (3.18) and (3.57)) is essential for finding new black hole solutions. Therefore,
the scalar fields play very important roles in the Weyl-Yang theory just as they do in the
supergravity theories.
3.2.2 The ϕ(r) = ϕ0r case
Let us search for black hole solutions by assuming that the scalar field is of the form of
ϕ(r) = ϕ0r, where ϕ0 is any constant, taking inspiration from the non-Einsteinian condition
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in equation (3.57). Then, we obtain from the equation (3.75)
f ′′′(r) +
5
r
f ′′(r)− 5
r2
f ′(r) = 0,
f ′′(r) +
3
r
f ′(r)− 8
r2
f(r) +
2
r2
= 0, (3.83)
f ′′(r) +
3
r
f ′(r)− 8
r2
f(r) +
1
ϕ20l
2r2
= 0.
One can easily see that this ansatz leads to the same coefficients of the f ′(r) and f(r) terms
as in the last two equations of (3.75). Thus, the exact solution can be found as
f(r) =
1
4
+
(
Z2
2r2
)2
− 1
3
Λr2, (3.84)
where Z and Λ are the arbitrary constants of integration. The equation is formally equiv-
alent to the purely charged (anti)-de Sitter metric, and it seems to be a special case of
the charged bulk black hole solution of the 5D Einstein-Maxwell system [199–201]. We
also obtain the condition ϕ0 = ± 1√2l , which means that the dilatonic field is free from
singularities
ϕ(r) = ±
(
1√
2l
)
r. (3.85)
Solution (3.84) has six distinct roots in the (anti)-de Sitter space-time. For instance, the
positive event horizon can be found for the anti-de Sitter case as
r+ =
1
2
√
1
Λ
(
1 + Ω +
1
Ω
)
, (3.86)
where
Ω =
[
1 + 24Z4Λ2 + 4
√
3Z4Λ2(1 + 12Z4Λ2)
] 1
3
. (3.87)
To avoid the space-like naked singularity, we must again be careful when choosing the
constants Z and Λ. The Kretschmann and Ricci scalars are calculated by means of the
equation (3.84) as
Kˆ = 14Λ
2
3
+
9r8 + 75Z8
4r12
, Rˆ = 14Λ. (3.88)
The covariantly-conserved and diagonal energy-momentum tensor also reduces to the fol-
lowing components:
Tˆtt = −Tˆrr = 9
8r12
(r8 − 5Z8) + Λ3,
Tˆθθ = Tˆφφ =
3
8r12
(r8 − 21Z8)− Λ3, (3.89)
TˆΘΘ = TˆΦΦ = Tˆψψ = − 1
8r12
(5r8 + 63Z8)− Λ3.
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The curvature invariant and the energy-momentum tensors, again, are all finite everywhere
except at r = 0. At r → ∞, Kˆ goes to Kˆ = 14Λ23 and ϕ(r) diverges. In this regard, the
non-trivial solution (3.84) is well-behaved, since the curvature invariants and charge are
finite at infinity.
Let us finally remark that it is quite natural to consider the case where the time
components of the gauge fields, as well as the scalar fields, survive and the space components
of the gauge fields vanish. Due to the coupled field equations, there are no solutions in this
case (see e.g., [202]).
4 Conclusions
In this paper, we have combined the Weyl-Yang gravitational gauge theory with the Kaluza-
Klein theories of unified gravity against the background of the non-Abelian gauge fields.
This is, from a theoretical point of view, a new and rather appealing approach in the
literature. The theoretical description was reduced from seven to four dimensions by taking
into account the exterior differential forms that provide the more transparent equations
along with shortcut calculations. The corresponding equations of motion (2.22)–(2.27)
were not only mathematically more complicated than those of the non-Abelian version of
the Kaluza-Klein theory that comes from Einstein’s gravity, i.e., the {Pµν ,Qiν ,U ij}-set in
(2.36) but also included additional physical information because of the more general field
equations. We could easily obtain, for instance, the Yang-Mills force density 4-form f (ij)µ
in equation (2.38), which only appears in geodesic equations [127, 128], and the usual 4D
continuity equation, D?J i = 0, with the help of equations (2.23) and (2.24), without making
any further assumptions. Furthermore, the right side of the field equation (2.22), i.e., is the
Sµνσ term (2.28), may conveniently be interpreted as the source term of the 4D Weyl-Yang
gauge theory. We have explicitly shown that this source term contains Camenzind’s current
density for the Abelian case and it can be completely transformed to that if DµU = 0
and Qµ = 0. However, it is possible to find an energy-momentum tensor different from
(2.50) such that the source term can be put into the desired form (2.39). The considered
model also has additional solutions that can not be obtained from Einstein’s theory. After
Pavelle obtained the static spherically symmetric solution of the 4D Yang equation, he
noted that [82] “the solar experiments are presently unable to distinguish between the
Kilmister-Yang equations and Einstein’s vacuum equations” but today, the situation is
different. The new effects of Yang equation on various physical issues such as the strong
equivalence principle [37], the vacuum-energy [38], the cosmological constant [38, 40, 41],
dark radiation [41, 42], and dark matter [39, 42] have already been discussed by several
authors. Let us remark that the reduction mechanism transformed the higher-dimensional
sourceless Weyl-Yang theory into the 4D Weyl-Yang theory with a source term in the usual
4D space-time. In fact, the same situation has already been discussed for the 5D version of
the presented theory with the U(1) Abelian case [35]. A similar accomplishment has already
been obtained by ordinary Kaluza-Klein theories, in which the 5D vacuum equations were
reduced to the 4D Einstein-Maxwell-scalar system. This is sometimes called the Kaluza-
Klein miracle.
– 28 –
We have also constructed the exact static (anti)-dyon (3.22) and pure magnetic (anti)-
monopole solutions (3.78) and (3.84) with the generalized Wu-Yang ansatz and some differ-
ent types of scalar potentials, keeping in mind the spherically symmetric stationary external
and internal space-times with the product topology M4×S3. For the sake of simplicity, we
concentrated only on the pure internal symmetry group G = SU(2), which led to the mixing
of the space-time and color indices. These strong restrictions and highly symmetric assump-
tions were necessary owing to the complex nature of the considered model and the fact that
it is already enormously difficult to find a solution in higher dimensions because there is no
general method for the same. To analytically discover regular solutions, two special cases
with K(r) = K and J(r) = 0 were also considered as a type of strategy. In this manner, we
obtained the singular Wu-Yang-type (anti)-dyon solution that corresponded to the RNdS-
like black hole solution (3.22), which is in a more desirable and suitable form than both
Perry’s (3.46) and Angus’ (3.50) solutions. In addition, its spherically symmetric gauge po-
tentials (3.38) are more general and non-Abelian than both solutions (3.48) and (3.53), and
carry unit or constant electric and magnetic charges. It was demonstrated in this approach
that the cosmological constant naturally appeared as an integration constant (i.e., “it is a
free parameter unrelated to the vacuum energy of quantum fields” according to Cook [38])
and that it was associated with the constant dilaton field as well as with the three-sphere
radius. The general structure of this regular black hole was also studied in detail by means
of its mathematical similarity to the well-known RNdS black hole solution. The correspond-
ing gravitational stress-energy tensors of these solutions were also analyzed. On the other
hand, the pure magnetic (anti)-monopole solution (3.84) appears in the literature for the
first time in connection with the Weyl-Yang-Kaluza-Klein theory and the corresponding
gravitational stress-energy tensor (3.89). It is just diagonal and formally similar to that of
Maxwell’s theory of electromagnetism, which means that the coupled non-linear differen-
tial equations (3.75) contain some mathematically interesting features. In conclusion, the
(4+3)D non-Abelian Weyl-Yang-Kaluza-Klein theory with the Wu-Yang ansatz admits a
non-trivial solution against the background of the static spherically-symmetric metric with
a three-sphere.
Whether the solution is a monopole or an anti-monopole may depend on the sign of
the massive scalar Higgs field [193, 203], on the sign of the Bogomol’nyi equations [204],
or on the φ-winding number, which can be a positive or negative integer of the inter-
nal space [205, 206]. We have shown in this study that the sign of the internal space-
squashing parameter ` determines whether the solution is a dyon/monopole or an anti-
dyon/anti-monopole. Moreover, we have topologically presented non-trivial anti-dyon and
anti-monopole solutions, which do not solve the source-free Yang-Mills equations in the
Minkowski space-time, by taking into account the round version of the internal space. Fi-
nally, the existence of non-constant dilaton fields is essential for finding new black hole
solutions in the Weyl-Yang gauge theory.
It would be interesting to discover the Abelian solutions of the 5D version of this
alternative gravitational model in both the ordinary 4D and 5D space-times. We may
consider the U(1) Abelian ansatz (and its group manifold, S1) from the non-Abelian gauge
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by assuming that only the Aia(~x) component of the gauge field survives, that is
Aia(~x) = δi3A(Dirac)a (r, θ). (4.1)
Obtaining the 4D field equations from the Weyl-rescaled reduced action,
S˜ = − 1
2κ2
∫
M4
d4x
√
−˜ˆg ˜ˆRABCD ˜ˆRABCD, (4.2)
and investigating whether this non-linear coupled system of partial differential equations
possesses a well-posed initial value formulation as other higher-derivative gravity theo-
ries [207] are other important mathematical challenges. A detailed discussion of these
problems will be presented in a forthcoming study.
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